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@ To characterize the collective excitations and transport properties of many-body systems,
retarded correlators serve as a central tool.

@ The retarded correlators are defined by

Gl (t—t' x—x) = —i0(t — t'){[Ju(t, x), L (t' . X)]),
Gags(t = t'sx = x') = =if(t — ') ([ Tap(t, x), Tos(t',x)]),

which describe the causal response induced in a system by an external perturbation.
o After analytic continuation into the complex w-plane:
o Hydrodynamic poles: charge diffusion and sound modes, long-lived collective excitations
e Non-hydrodynamic poles: associated with microscopic fast degrees of freedom and
determine the regime of validity of hydrodynamic descriptions
e Branch cuts:a continuum of microscopic wave—particle resonances associated with Landau
and cyclotron damping.
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From Hydrodynamics to Kinetic Theory

Hydrodynamic regime
Hydrodynamics is an effective theory of many-body systems in the long-wavelength and
low-frequency regime,

|k|£micro < 1, ‘W‘Tmicro < 1.
Therefore, retarded correlators calculated within hydrodynamics describe only the infrared
response and do not resolve the full microscopic singularity structure.

Our approach

We use relativistic kinetic theory, formulated through the Boltzmann equation, to calculate the
retarded correlator beyond the hydrodynamic limit:

v 1 «@ v v 1 v, v,
S = U~ GljYeA, — S Gl Pogag ..., T = T¢ — 3G P8gas — GEV A0 + . ..

The momentum-dependent distribution function allows us to investigate both hydrodynamic
poles and non-hydrodynamic structures.
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Setup: Kinetic Theory in RTA

@ The relativistic Boltzmann equation is taken in the constant-relaxation-time
approximation:

FOf + FPpg—f ="
ProuT ¥ s TR

(f = feq) -

e Background: Uniform magnetic field By = Byx.

o Global equilibrium: fy(p) = exp[(po — uypu)/ Tol-
o Temperature Ty, chemical potential yo, flow velocity uf = (1,0,0,0).

e Introduce a small external U(1) gauge perturbation JA*(t,x):

,U,(t,X) = Mo + 5M(t,X),
f(t,x,p) = fo(p) + f(t,x,p),

feq(t, %, P) = fo(p) + ’%_,(_Io))éu(t, x).
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Analytic Solution of the Linearized Boltzmann Equation

e Small perturbations §f(t,x, p) are required to obey

0

p O, (fo + 0F) + (FL¥ + 6FP) 0 (1%+6f)=—'%(5f—5feq)-
R

@ After linearizing the equation and performing the Fourier transform:
1 . 0 d - 1 f(p) =
i k- Bolv,— — v, 2 )| 6f(w,k,p) = —6F(w,k, OBy E(w, k).
(& i iew) vy ) [ wnkp) = Zofafenkor) + X B
@ Use cylindrical symmetry: p, = p| cos¢, p, = pj sin ¢,
Lo o0 190
“op, Top.  pYOg
e Exact series solution (Jacobi—Anger expansion):
5F(w, k. p) Z Z Z AmJn(£)4(E) @i (I m=n) g=i(I—n)o

L i(w = kevy) + i(n— m)we

|=—00 N=—00 m=—1 TR

— arctan(k,/k,) and ¢ = arctan(p,/py).
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Retarded Current—Current Correlators in a Magnetic Field

@ Current fluctuation:
5w, K) / PP s (w k. p)
w, k)= | —=— w .
) (27T)3p0p ) 7p
@ Retarded current-current correlators are given by

i K,uO KOV
TRX 1 — —L_ K00

TRX

oJH

v

Gh (w, k) = KH 4

= —x0hdg + w

)

where the kernel is

K (w, k Z / *p fo(p) L)(k.p)Ri(k,p)

3 T() w—k Vy — lwc—l—i/v—R'

o L', R} involve Bessel functions J(¢).
e Ward identities are exactly satisfied: k,G/) =0, k, G/} = 0.
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Hydrodynamic Limit: Diffusion Mode

. KO, k) ) o 6t R(©)
GJJ(W,k)—_X"’ — 'KOO( k)’ K™ ( Z )3 TO w— keVx — lwe +i/TR’

TRX

@ The poles of the retarded correlators are determined by the pole equation:

J3(€) fo(p) _
Z (27T 3 1/7r — i(w — kxvx) + ilwe ToTRX =0

@ Expand in small w, k (hydrodynamic limit):

Diffusion Mode: w(k) = —iD k? — iDTk? 4+ O(k*),
o)
_%7 %7 0 ~ T DT 1 VJ2_ >

G2’1 2
DL ) 1 13\ 4
TR (i) =3+ 12Ko (1) Teka(m) TR 2'1 +w2rg)

@ Anisotropy: Longitudinal diffusion unaffected by By; transverse diffusion suppressed.
Based on: arXiv:2606.08139
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Transverse Diffusion: Mass and Magnetic Field Dependence
+ (A2 —3)2] + 0 ()

BZ
T [1 ~ Mim)

~2 Ky() ~3 K3() 1
o+ ] 1o (3)

@ Weak-field expansion:
. . . D . 1
@ Strong-field expansion: T—; = Bk B [Em R (1)
Physical picture: Collision-driven 2D random walk with Larmor radius r. = p, /Bo.
Dr ~ (r)/7r = (pP1)/BsTr

Heavier particles = larger (p2) = stronger transverse diffusion
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Non-hydrodynamic Branch Cut

@ Non-hydrodynamic contributions appear as mw A
branch cuts in the complex w-plane. .
@ For the density-density correlator, " Rew
00 Imw = —-1/7r
GH(w,k) = —x + M WV VIV V.V V V.V VYV V.
1-— —Koo(w, k) -0 +oo
TRX
d’p_fip Origin of the branch cut
KO / rigin of the branch cu
(0, k) Z (2m)? T0

For fixed p and /, the integrand has a simple
J? ) pole at
W — keVye — lwe + i /TR’

X

i
w = kyVx + lwe — —.
TR

) As p varies continuously, these poles form a
W — kevy — lwe + L’ continuum.. The rTloment.um integration
TR converts this continuum into a branch cut.
The cut lies at Imw = —1/7r, with Rew

which determines the branch cuts. i . L
covering the entire real axis
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@ The kernel K% contains the denominator




Physical Interpretation of the Branch Cut

What does the branch cut represent physically?

The branch cut represents a continuum of microscopic wave—particle resonances rather than a
single discrete collective mode.

Resonance condition

The real part of the singularity condition is

B
wr = kyvy + lwe, wr = Rew, W = —g.
p
Each integer / labels a distinct wave—particle resonance channel:
e / = 0: Landau damping.

@ / # 0: Cyclotron damping.
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Landau Damping: [ =0, w, = kyvx

Wave-particle interaction

y Bo = B() (i
— Longitudinal electric
o field E,. continuously
z® accelerates the particle

E(J:, t) e C—i(.;,t—k,x)

when v, = w, /k,.

Contribution to the complex w plane

Imw

1
— -0 s ==cc==zzccs==

TR
= |k [k |

branch cut from I = 0
(Landau damping)

Since |v,| < 1, we have
= k2| < wp = kpvy < |k
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Cyclotron Damping: [ # 0, w, = kyvyx + lw,

In the laboratory frame
Bo = Bo .’it
—_—

T E(z,t) ~ o~ ilwrt—kzx)

z®

Helical motion in 3D:
circular in y—z plane +
uniform motion along =

with velocity v,,..

=

Transform to
the co-moving
frame moving
with velocity v,

along + &

In the longitudinally co-moving frame
y =
By = By & Boost along +a with velocity v,.
: Particle: no longitudinal motion,
z® < pure circular orbit in y—z plane.
Wave seen in co-moving frame
oscillation (Doppler shifted):
fi
ey 1 = 1y, (e = Kae)
Paton RN SN e
qB, 1
We=——,y Y= Q = w
ym 2 = vz = YzWe
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Cyclotron Damping: [ # 0, w, = kyvyx + lw,

In the longitudinally co-moving frame Resonance and back to the lab frame
iz Fhe=wBi 2 Resonance occurs when the Doppler-shifted
0_0’ Particle: no longitudinal motion, wave frequency matches an integer multiple
x' pure circular orbit in y—z plane. of the oscillator frequency:
zO®
ﬂ [ w, =19 (I==%1,%2,---)
Wave seen in co-moving frame
oscillation (Doppler shifted): Resonance ‘ Cancel 7, on both sides
frequency i i
g W = palwy —kgvg) | Mo e
= YiWe /\/\/\/\/\/\, frame Wy — KpUp = We
These resonances give rise to cyclotron (harmonic)
qB, ] damping and produce branch cuts (or poles) at
We=—, BT F—— | - @ =qw
2 x%e
m -
b/ \/1 Uy wr — kz fvz _+_ l wc
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Weak-coupling Expansion

Expansion in the collision rate

For large TR, the retarded density-density correlator admits the expansion

1 1
G.(I].?(wa k) = GO(w7 k) T _Gl(o.), k) =F O<_2) .
TR TR
The leading term is the collisionless Vlasov response:

d*p f JP(€)
Go(w, k) = —X+w/ (27r)3?ozI:w—kaX—/wc+iO+'

First-order correction:
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o Exact analytic solution of linearized Boltzmann equation in a uniform magnetic field
using Jacobi-Anger expansion.

o Full set of retarded current-current correlators G/} (w, k) obtained, Ward identities
verified.

o Hydrodynamic limit:

o Diffusion mode
o Anisotropic diffusion: D unaffected, D1 ~ 1/B2 in strong field.

@ Non-hydrodynamic branch cuts:
o Located at Imw = —1/7g.
o Physical interpretation: Landau damping (/ = 0) and cyclotron damping (/ # 0).

o Weak-coupling limit
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Outlook

@ Momentum-dependent relaxation time: More realistic collision kernel.
@ Other external fields: Vorticity, acceleration.

@ Spin degrees of freedom: Chiral fermions.
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Thank You!

Thank You!

Questions and Comments Welcome.

Based on: Xuan Zhao, Qiuz Sun, Yi Wang, Jin Hu, arXiv:2606.08139
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